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Abst rac t - -Le t  X be a metric space and E(X) the class of fuzzy compact sets on X, equipped with 
the generalized Hausdorff metric D which take the supremum on the Hausdorff distances between the 
corresponding a-level sets. The aim of this paper is, on the one hand, to analyze the compactness 
and separability of E(X) with respect o the compactness and separability of X, and on the other, 
to study these properties on the subclass Ec(X) of level-continuous fuzzy sets. 
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1. INTRODUCTION 
The space E(X) of fuzzy compact sets on X has been exhaustively studied by many authors 
in the last years. In particular, the study of the equivalence of convergences on E(X) has been 
done by several authors, including Kloeden [1], Kaleva [2], Greco et al. [3], and RomAn-Flores 
and Rojas-Medar [4]. 
A characterization f relatively compact subsets of (E(X), D) was developed in recent papers 
of Diamond and Kloeden [5] and Greco [6]. 
The structure of this paper is as follows. In Section 2, we give the previous results that will be 
used in the article. In Section 3, we analyze the compactness and separability of (E(X), D) in 
relation to the compactness and separability ofX, and on the one hand, we show that this space 
is not separable when diam (X) > 0, and on the other, we prove that (E(X), D) is compact if and 
only if diam (X) = 0. Finally, in Section 4, we introduce the subspace Ec(X) of level-continuous 
fuzzy sets on X and we prove that (Ec(X), D) is separable if and only if X is separable. 
2. PREL IMINARIES  
Let (X, d) be a metric space, K(X) the space of compact and nonempty subsets of X, and H 
the Hausdorff metric (induced by d) on K(X), i.e., 
H(A,B) -- inf{r > O/B C_ N(A,r) and A C_ N(B,r)}, 
where 
g(A,r)  = {z • X/d(x,A) < r} and d(x,A) = inf d(x,a). 
aEA 
It is well known that (K(X), H) is a metric space. 
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REMARK 2.1. The following relations are true: 
(i) (X,d) complete ¢=~ (K(X),  H) complete; 
(ii) (Z, d) separable ¢=:v (g (x ) ,  H) separable; 
(iii) (X, d) compact ¢==~ (K(X),  H) compact 
(for details see [7]). 
Now, we recall the following concepts of fuzzy sets theory. 
Let u : X -+ [0, 1] be fuzzy set, then we define the a-level of u, a E [0, 1], by Lau = {x E 
x/u(x) > a}. 
The closure of (x E X/u(x) > 0} is called the support of the fuzzy set u and is denoted by Lou. 
We denote by E(X)  the following set: 
E(X)  = {u: X --+ [0,1]/Lau E K(X) ,  Va 6 [0,11}. 
REMARK 2.2. The family {L~u/a E [0, 1]} satisfies the following properties. 
(a) Lou D_ L~u D LZu , for all 0 < a < ft. 
(b) If an 7 a, then Lau = Nn°°=I Lau  (i.e., the level-application is left-continuous). 
(c) u = v ca L~u = L~v, for all a E [0, 1]. 
(d) Lau ~ ¢, for all a E [0, 1] is equivalent to u(x) = 1 for some x E X. 
(e) We can define a partial order C on E(X)  by setting u G v ca u(x) < v(x), Vx e X ca 
L~u G Lav, Va E [0, 1]. 
Also, we can define a metric on E(X)  by using the level-sets family: 
D(u,v) = sup H(L~u, L~v). 
aE[0,1l 
REMARK 2.3. If X is a complete metric space, then E(X)  is also complete [8]. 
REMARK 2.4. It is easy to see that 
(X, d) ~ (K(X),  H) ~ (E(X), D) 
are isometric embeddings (by mean x ~-+ {x} and A ~-+ XA, respectively). 
3. COMPACTNESS AND SEPARABIL ITY  OF E(X) 
The observations (ii) and (iii) in Remark 2.1 are not true in the fuzzy context as we show in 
the following example. 
EXAMPLE 3.1. We consider X -- [0, 1] endowed with the usual metric. Then, obviously, X is a 
compact metric space (hence, separable). Now, Vt E [0, 1], define 
f t, i fxE[0 ,1) ,  
Ut(X) 
1, i fx  = 1. 
We observe that, Vt : L~ut = [0, 1]a < t, whereas L~ut = {1} if a > t. 
Therefore, D(utl,ut2) = 1, Vtl ~ t2. 
Thus, E(X)  is not a separable (hence, not compact) space. 
Nevertheless, we can to show the following result. 
THEOREM 3.2. I rE (X)  is compact hen X is compact. 
PROOF. Let EK(X)  = {XA/A E K(X)}, and suppose that (un) c__ EK(X) is a D-Cauchy 
D 
sequence. Then un ~ u E E(X)  as i --+ o0 (see Remark 2.3). 
Thus, if¢ > 0 is fixed, then there exists No E N such that D(un,u) < ¢, Vn > No. 
Hence, 
Vn > No : sup H(L~u~,L~u) = sup H(K~,L~u) < e (where un = XK,), 
c(e[O,l] ae[O,1] 
i.e., Va e [0, 1], L~u = lim,~--.oo K,~ = K e K(X) .  
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Therefore, u = XK, and consequently, EK(X) is closed in E(X). 
Since E(X) is compact, we obtain that EK(X) is compact. 
Finally, how E~(H) -~ K(X) (isometric spaces), we conclude that K(X) is compact and this 
implies X compact (see Remark 2.3(iii)). | 
THEOREM 3.3. E(X) is complete ffand only if X is complete. 
PROOF. 
Remark 2.3. 
If E(X) is complete, then using the same arguments of the theorem above, we obtain 
that K(X) is closed in E(X), therefore, K(X) is complete. Thus (see Remark 2.1(i)), we 
conclude that X is complete. | 
THEOREM 3.4. If diam (X) > 0, then E(X) is not separable. 
PROOF. Let xl,x2 E X, xl 7 t x2. Then, Vt E (0,1], define 
t, if X = Xl, 
us(x)= 1, i fx=x2,  
0, elsewhere. 
Then it is easy to show that D(u~l,ut2) -- d(Xl,X2), Vtl ?t t2. 
Thus, E(X) is not separable. 
COROLLARY 3.5. E(X) iS compact ~ diam (X) = 0. 
PROOF. 
(4 )  If E(X) is compact, then by Theorem 3.2, X is compact. 
On the other hand, if we suppose that diam (X) > 0, then we conclude (by Theorem 3.4) 
that E(X) is not separable which yields a contradiction. Thus, must be diam (X) = 0. 
It is clear that X = {x0} implies E(X) = {X{xo}} (hence, compact). | 
4. THE SPACE Ec(X)  
We consider Ec(X) = {u e E(X)/a ~-* Lau continuous}. 
This space has important applications to the theory of convergence of fuzzy sets. In [4], we 
prove the equivalence between different kinds of convergences on Ec(X). 
In this section, we want to analyze the properties of Ec(X) with respect to the properties of X. 
THEOREM 4.1. Ec(X) is complete if and only f iX  is complete. 
PROOF. 
(--*) By using the same arguments in Theorem 3.2, we obtain that EK(X) is closed in Ec(X) 
(we observe that if A E K(X), then XA e Ec(X) _C E(X)). Thus, 
Ec(X) complete ==~ EK(X) complete ¢==~ K(X) complete -~ X complete. 
(~-) We can prove that Ec(X) is closed in E(X) (see [9]). Thus, 
X complete ==~ E(X) complete ==~ Ec(X) complete. 
THEOREM 4.2. / /Ec(X) /s compact hen X is compact. 
PROOF. We know that EK(X) is closed in Ec(X). Thus, 
Ec(X) compact ==~ EK(X) compact ¢=~ K(X) compact :. X compact. | 
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Unfortunately, the converse implication of Theorem 4.2 is not true as we show in the following 
example. 
EXAMPLE 4.3. We consider X = [0, 1] endowed with the usual metric, as in Example 3.1. 
Let (un) be the sequence defined by un(z) = x/n + (1 - 1/n), Vn E N, Vx E [0, 1]. 
It is clear that un E Ec(X), Vn E N. We will show that (un) does not possess convergent 
D 
subsequences. In fact, let (un~) be a subsequence of (un), then we know that if unk -~ u as 
k ---* co, u E Ec(X), then 
Va E [0, 1] : Laun~ H L~u, as k --~ co. 
On the other hand, Va E [0, 1) : Lau,~ k H [0, 1] as k -~ co. 
Thus, by level-continuity of u must be L~u = [0, 1], Va E [0, 1], i.e., u = X[0,1]. 
But, Llunk = {1} Vk, hence (unk) does not D-converge to u. 
This proves that (Ec(X), D) is not compact. I 
REMARK 4.4. If X is finite, then it is not difficult to show that Ec(X) and E(X)  are coincident. 
Thus, if X is finite, then Ec(X) is compact. 
The converse implication is an open question. 
In relation to the separability, we have the following theorem. 
THEOREM 4.5. Ec(X) is separable if and only if X is separable. 
PROOF. 
(--*) If the application x H X{x} of X in Ec(X) is an isometric embedding, then it easy to see 
that Ec(X) separable implies X separable. 
(~)  It is well known that if M, N are metric spaces, M compact and N separable, then the 
space of continuous functions C(M, N) endowed with the uniform metric is separable 
(cf. [10, p. 276]). 
On the other hand, if u e Ec(X), then f~ : [0, 1] --* g(x)  defined by f~(~) = n~u is 
continuous (by definition of Ec(X)) and the application T : Ec(X) ~ C([0, 1], K(X)) ,  T(U) = fu, 
is an isometry. 
Since X separable implies K(X)  separable, then C([0, 1], K(X) )  is separable. 
Thus, we conclude that Ec(X) is separable. I 
REMARK 4.6. In the particular case when X is a real finite-dimensional linear space, then we 
can define on E(X)  the supconvolution uVv by mean: uVv(x) = supuex min[u(x - y), v(y)]. 
A remarkable property of uVv is LauVv = L~u + Lay, Ya  E [0, 1]. 
Therefore, uVv E E(X),  Vu, v • E(X).  
If v • E(X)  is such that Lov C_ B[0, 6] (ball closed centered in the origin), then D(uVv, u) <_ 6, 
V u • E(X).  In fact, 
D(uVv, u) = sup H(L~uVv, L~u) 
Re[O,1] 
= sup H(L~u + L~v,L~u) 
ae[0,1] 
= sup H(L~v,{O}) 
~e[0,1] 
<:6. 
Let u • E~(X) and e > 0. For t • [0, 1], define 
t, i f0< Ilxll < 5' 
1, i f~  _< IIxl] _< 6. 
It is clear that ve • E(X).  On the other hand, if u • Ec(X), then it is easy to prove that 
u~Yve is level-discontinuous in a = t, and moreover, D(uVve, u) <_ 6. 
Consequently, Ec(X) has no interior in E(X).  I 
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